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TOPOLOGY OF MODULI SPACES OF FREE GROUP
REPRESENTATIONS IN REAL REDUCTIVE GROUPS

A. C. CASIMIRO, C. FLORENTINO, S. LAWTON, AND A. OLIVEIRA

ABSTRACT. Let G be a real reductive algebraic group with maximal compact sub-
group K, and let F,. be a rank r free group. We show that the space of closed
orbits in Hom(F,., G)/G admits a strong deformation retraction to the orbit space
Hom(F,, K)/K. In particular, all such spaces have the same homotopy type. We
compute the Poincaré polynomials of these spaces for some low rank groups G, such
as Sp(4,R) and U(2,2). We also compare these real moduli spaces to the real points
of the corresponding complex moduli spaces, and describe the geometry of many ex-
amples.

1. INTRODUCTION

Let G be a complex reductive algebraic group and I' be a finitely generated group.
Moduli spaces of representations of I' into GG, the so-called G-character varieties of
I', play important roles in hyperbolic geometry, the theory of bundles and connec-
tions, knot theory and quantum field theories. These are spaces of the form Xr(G) :=
Hom(T', G) /G, where the quotient is to be understood in the setting of (affine) geomet-
ric invariant theory (GIT), for the conjugation action of G on the representation space
Hom(T', G).

Some particularly relevant cases include, for instance, the fundamental group I' =
m(X), of a compact Riemann surface X. In this situation, character varieties can be
identified, up to homeomorphism, with certain moduli spaces of G-Higgs bundles over
X ([Hi, [S1]). Another important case is when I' = 71 (M \ L) where L is a knot (or link)
in a 3-manifold M; here, character varieties define important knot and link invariants,
such as the A-polynomial ([CCGLS]).

In the case when I' is a free group F) of rank r > 1, the topology of X,.(G) := Xr.(G),
in this generality, was first investigated in [FL]. Note that we always have embeddings
Xr(G) C X,(G), since any finitely generated I' is a quotient of some free group F,.. With
respect to natural Hausdorff topologies, the spaces X,.(G) turn out to be homotopy
equivalent to the quotient spaces X, (K) := Hom(F,, K)/K, where K is a maximal

Key words and phrases. Character varieties, Real reductive groups, Representation varieties.

This work was partially supported by the projects PTDC/MAT/099275/2008 and
PTDC/MAT/120411/2010, FCT, Portugal. The authors also acknowledge support from U.S.
National Science Foundation grants DMS 1107452, 1107263, 1107367 “RNMS: GEometric structures
And Representation varieties” (the GEAR Network). Additionally, the third author was partially
supported by the Simons Foundation grant 245642 and the U.S. National Science Foundation
grant DMS 1309376, and the fourth author was partially supported by Centro de Matemdtica da
Universidade de Trés-os-Montes e Alto Douro (PEst-OE/MAT /UI4080/2011).

1



2 A. C. CASIMIRO, C. FLORENTINO, S. LAWTON, AND A. OLIVEIRA

compact subgroup of G. Moreover, there is a canonical strong deformation retraction
from X, (G) to X,.(K). The proofs of these results use Kempf-Ness theory, which relates,
under certain conditions, the action of a compact group K on a complex algebraic
variety, to the action of its complexification G = K©.

In the present article, we extend these results to the more general case when G
is a real reductive Lie group (see Definition below, for the precise conditions we
consider). Note that this situation includes both the compact case G = K, and its
complexification G = K, since both are special cases of real reductive groups, but
also includes non-compact real groups for which we cannot identify G with the com-
plexification of K. As main examples, we have the split real forms of complex simple
groups such as SL(n,R), Sp(2n,R) and other classical matrix groups. For such groups
GG, the appropriate geometric structure on the analogous GIT quotient, still denoted by
X,(G) := Hom(F,,G) /G (and where G again acts by conjugation) was considered by
Richardson and Slodowy in [RS]. As in the complex case, this quotient parametrizes
closed orbits under GG, but contrary to that case, even when G is algebraic, the quotient
is in general only a semi-algebraic set, in a certain real vector space.

One of our main results is that, with respect to the natural topologies induced by
natural embeddings in vector spaces, X, (G) is again homotopy equivalent to X, (K). As
a Corollary, we obtain a somewhat surprising result that the homotopy type of X,.(G)
depends only on r and on K, but not on G. This is especially interesting when we have
two distinct real groups G; and G5 sharing the same maximal compact K, as it means
that the G- and Gy-character varieties of F,. are equivalent, up to homotopy.

The second main result states that, when G is algebraic, there is also a strong de-
formation retraction from X,(G) to X,(K). The proofs of these statements use the
Kempf-Ness theory for real groups developed by Richardson and Slodowy in [RS].

It should be remarked, by way of contrast, that the homotopy equivalence statement
above does not hold for other finitely generated groups, such as I' = m(X), for a
Riemann surface X, even in the cases G = SL(n,C) and K = SU(n) (|BEF]). On the
other hand, very recently it was shown by different techniques that the deformation
statements hold when I' is a finitely generated Abelian group ([FL4]), or a finitely
generated nilpotent group ([Be]).

Using these homotopy equivalences, we present new computations of Poincaré poly-
nomials of some of the character varieties considered, such as Sp(4,R) and U(2,2).

Lastly, when G is a complex reductive algebraic group there are very explicit de-
scriptions of some of the spaces X,(G) in terms of natural coordinates which we call
trace coordinates (see Section@. Thus, for these examples, and taking the real points in
these trace coordinates, we obtain a concrete relation between X, (G(R)) and X,.(G)(R),
which allows the visualization of the deformation retraction.

The article can be outlined as follows. In Section 2, we present the first definitions
and properties of real reductive Lie groups G, and of G-valued character varieties of free
groups. In the third section, we use the polar/Cartan decomposition to describe the
deformation retraction of Hom(F,, G)/K onto X, (K). The fourth section is devoted to
describe the Kempf-Ness set for this context and to the proof of the main results: the
homotopy equivalence between X,.(G) and X,.(K'), and the canonical strong deformation
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retraction, in the case of algebraic G. In Section 5 we consider low rank orthogonal,
unitary and symplectic groups, and compute the Poincaré polynomials of some G-
character varieties, for non-compact G, such as X,(U(2,1)), X,(U(2,2)), X,(Sp(4,R))
and X,(SO(3,C)). One crucial ingredient for these computations is the topology of
X,(U(2)) which is based on T. Baird’s determination of the Poincaré polynomial of
X,(SU(2)). Finally, Section 6 describes in detail the geometry of SL(2,R)-character
varieties in terms of natural invariant functions, such as trace coordinates, defined on
the corresponding SL(2, C)-character variety.

2. REAL CHARACTER VARIETIES

2.1. Setting. Let us define the precise conditions on a real Lie group G, for which our
results will apply.

Definition 2.1. Let K be a compact Lie group. We say that G is a real K-reductive
Lie group if the following conditions hold:

(i) K is a maximal compact subgroup of G;

(ii) G is a subgroup, containing the identity component, of a linear real algebraic
group G(R) defined as the R-points of a complex reductive algebraic group G
defined over the field R.

(iii) G is Zariski dense in G.

In other words, condition (ii) says that the Lie group G is such that there exists a
complex reductive algebraic group G, given by the zeros of a set of polynomials with
real coefficients, such that

(2.1) G(R)o C G C G(R),

where G(R) denotes the real algebraic group of R-points of G, and G(R), its identity
component. We note that, if G # G(R), then G is not necessarily an algebraic group
(consider for example G = GL(n,R)y). When K is understood, we often simply call G
a real reductive Lie group.

Remark 2.2.

(i) Since G is a complex reductive algebraic group, it is isomorphic to a closed
subgroup of some GL(m,C) (see [Sp, Theorem 2.3.7]), so G(R) is isomorphic
to a closed subgroup of some GL(n,R) (ie, it is a linear algebraic group).
Hence, one can think of both G and G as Lie groups of matrices. Accordingly,
unless explicitly mentioned otherwise, we will consider on G and on G the
usual Euclidean topology which is induced from (and is independent of) such
an embedding.

(ii) Since G(R) is a real algebraic group then, if it is connected, G = G(R) is
algebraic and Zariski dense in G. So, condition (iii) in Definition holds
automatically provided that G(R) is connected.

(iii) We point out that our working definition of real K-reductive group does not
coincide with some definitions of a real reductive group encountered in the
literature, such as, for instance, [K].
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Denote by g the Lie algebra of G, and by Lie(G), respectively Lie(G(R)), the Lie
algebras of G, and G(R). It is clear that G(R) is a real form of G, so that Lie(G) =
Lie(G(R))®, where Lie(G(R))® denotes the complexification of Lie(G(R)). It follows
that G is also a real form of G, since implies that g = Lie(G(R)) and hence

g© = Lie(G).

In view of this, we shall write g instead of Lie(G).

The given conditions on G are not very restrictive. Indeed, all classical real matrix
groups are in this setting. On the other hand, G can also be any complex reductive Lie
group, if we view it as a real reductive Lie group in the usual way.

As an example which is not under the conditions of Definition 2.1 we can consider

P

SL(n,R), the universal covering group of SL(n,RR), which admits no faithful finite di-
mensional linear representation (and hence is not a matrix group).

2.2. Character varieties. Let F). be a rank r free group and G be a complex reductive
algebraic group defined over R. The G-representation variety of F,. is defined as

R,.(G) := Hom(F,, G).

There is a bijection between R,.(G) and G”, in fact this is a homeomorphism if R, (G)
is endowed with the compact-open topology (as defined on a space of maps, with F,
given the discrete topology) and G" with the product topology. As G is a smooth affine
variety, R, (G) is also a smooth affine variety and it is defined over R.

Consider now the action of G on R, (G) by conjugation. This defines an action of
G on the algebra C[R,(G)] of regular functions on R, (G). Let C[R,(G)]€ denote the
subalgebra of G-invariant functions. Since G is reductive the affine categorical quotient
may be defined as

X:(G) 1= M:(G)//G = Spec,u, (C[R(G)] ).

This is a singular affine variety (not necessarily irreducible), whose points correspond
to unions of G-orbits in MR, (G) whose Zariski closures intersect. Since X,(G) is an
affine variety, it is a subset of an affine space, and inherits the Euclidean topology.
With respect to this topology, in [FL4], it is shown that X,(G) is homeomorphic to
the conjugation orbit space of closed orbits (called the polystable quotient). X,.(G),
together with that topology, is called the G-character variety.

As above, let K be a compact Lie group, and G be a real K-reductive Lie group. In
like fashion, we define the G-representation variety of F.:

R, (G) := Hom(F,, G).
Again, R, (G) is homeomorphic to G”. Similarly, as a set, we define
%T(G) = i)L{r((;)//G

to be the set of closed orbits under the conjugation action of G on R,.(G). We give
X, (G) the Hausdorff topology induced by the quotient topology on R,(G). It is likewise
called the G-character variety of F, even though it may not even be a semi-algebraic
set. However, it is an affine real semi-algebraic set when G is real algebraic, and it is
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always Hausdorff because we considered only closed G-orbits; see [RS]. This quotient
coincides with the one considered by Richardson-Slodowy in [RS| Section 7].
For K a compact Lie group, with its usual topology, we also define the space

X,(K) = Hom(F,, K)/K =~ K" /K,

called the K-character variety of F,., which is a compact and Hausdorff space as the
K-orbits are always closed. Moreover, it can be identified with a semi-algebraic subset
of R¢, for some d.

Our aim in this paper is to compare the topologies of X,.(G) and of X,.(K'), whenever
G is a real K-reductive Lie group, as in Definition[2.1] In fact, we will show that X, (G)
and X, (K) are generally homotopy equivalent, and when G is further assumed to be
algebraic, there is a natural strong deformation retraction from X,(G) to X,(K). The
first step in that direction is the proof that there is a strong deformation retraction
of R, (G)/K onto X,(K). This follows directly from the existence of a K-equivariant
strong deformation retraction of G onto K, as will be explained in the next section.

3. CARTAN DECOMPOSITION AND DEFORMATION TO THE MAXIMAL COMPACT
We begin by recalling some facts on real Lie algebra theory.

3.1. Cartan decomposition. As before, let g denote the Lie algebra of G, and g©
the Lie algebra of G. We will fix a Cartan involution 6 : g* — g© which restricts to a
Cartan involution

(3.1) 0:9—g,

still denoted in the same way. Recall (see, for instance, [Kl Theorem 6.16] and also [Hel,
Theorem 7.1]), that such 6 is defined as § := o7, where o, 7 are involutions of g* that
commute, and such that g = Fix(o) and ¥ := Fix(7) is the compact real form of g© (so
that ¥ is the Lie algebra of a maximal compact subgroup of G). See Remark for
concrete descriptions of these involutions in the setting of our main theorems.

Our choice of ¢ yields a Cartan decomposition of g

(32) g=top
where
t=gn¥, p=gnit
and #|; = 1 and 6|, = —1. Furthermore, ¢ is precisely the Lie algebra of a maximal
compact subgroup K of GG. Notice that K = K’ N G, where K’ is a maximal compact
subgroup of G, with Lie algebra ¥ = € @ ip. Moreover, ¢ and p are such that [¢,p] C p
and [p, p] C €. Of course, we also have a Cartan decomposition of g*:
(3.3) g"- =t op°
with fl,c = 1 and 0,c = —1.
Recall also that the Cartan involution (3.1)) lifts to a Lie group involution
0:G—-C

whose differential is § and such that K = Fix(0) = {g € G : O(g) = ¢g}.
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3.2. A deformation retraction from G onto K. The multiplication map
m: K x exp(p) — G,

provides a diffeomorphism G ~ K X exp(p) (see [RS, Theorem 2.2] and the references
therein). In particular, the exponential is injective on p. The inverse m™! : G —
K x exp(p) is defined as

m~(9) = (9(0(9)""9) %, (B(9)'9)'"?).
Here, we notice that if g € exp(p) then O(g) = g~1. If we write g = k exp(X), for some
k € K and X € p, then

O(g) g = O(k exp(X)) "k exp(X) = (kexp(—X)) ™ kexp(X) =
= exp(—X) 'k T hexp(X) = exp(2X).
So define
(©(9)"9)" = exp (2tX),
for any real parameter ¢. From this, one concludes that the topology of GG is determined
by K. It is a known fact that there is a K-equivariant strong deformation retraction

from G to K. For completeness, we provide a proof.
Consider, for each t € [0, 1], the continuous map f; : G — G defined by

filg) = g(©(g)~'g)~".
More precisely, if g = kexp(X), for some k € K and X € p, then fi(g) = kexp((1 —
) X).
Lemma 3.1. Leta € R, h € K and g € G. Then (h©(g)"'gh™')* = h(6O(g)"'g)*h .

Proof. When a is an integer, this is obvious. Suppose that a € R. Then, as noted
above, O(g)'g = exp(X) for some X € p and since the exponential is equivariant with
respect to conjugation and to the adjoint representation, we have

(hO(g) tgh™H)* = exp(hXh™1)* = exp(ahXh™ ') = hexp(aX)h™ ' =
=h(6(g)"'g)"h".
0J

Proposition 3.2. The map H : [0,1] xG — G, H(t,g) = fi(g9) is a strong deformation
retraction from G to K, and for each t, H(t,—) = f; is K-equivariant with respect to
the action of conjugation of K in G.

Proof. Clearly Hl|iyx¢ = lg and H({1} x G) C K. Moreover, it is also clear that
H |{t}X x = 1k for all t. This shows that H is a strong deformation retraction from G
to K. To prove that f; is K-equivariant, we see, using Lemma [3.1] that for any h € K,

fi(hgh™) = hgh™*(©(hgh~ ) Lhgh™4)~ t/2
= hgh™Y(h©(g)tgh™1)~!/?
= hg(©(9)"'9)~ t/2h L= hf(g)h "
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By Proposition there is a K-equivariant strong deformation retraction from G
to K, so there is a K-equivariant strong deformation retraction from G” onto K" with
respect to the diagonal action of K. This immediately implies:

Corollary 3.3. Let K be a compact Lie group and G be a real K-reductive Lie group.
Then X,.(K) is a strong deformation retract of R,(G)/K.

4. THE KEMPF-NESS SET AND THE DEFORMATION RETRACTION

As before, fix a compact Lie group K, and a real K-reductive Lie group GG. Suppose
that G acts linearly on a complex vector space V, equipped with a Hermitian inner
product (,). Without loss of generality we can assume that (,) is K-invariant, by
averaging.

Definition 4.1. A vector X € V is a minimal vector for the action of G in V if
X< [lg - XTI,

for every g € G, where || - || is the norm corresponding to (,). Let KN¢g = KN (G,V)
denote the set of minimal vectors. KN is known as the Kempf-Ness set in V with
respect to the action of G. Note that N ¢ depends on the choice of ().

For each X € V, define the smooth real valued function Fx : G — R by

1
Fx(9) = 5llg- X
The following characterization of minimal vectors is given in [RS, Theorem 4.3].

Theorem 4.2. Let X € V. The following conditions are equivalent:
(]) X e ]CNG,'
(2) Fx has a critical point at 1 € G;
(3) (A- X, X) =0, for every A € p.

Since the action is linear and condition (3) above is polynomial, we see that KN g
is a closed algebraic set in V. Kempf-Ness theory also works for closed G-subspaces.
Indeed, let Y be an arbitrary closed G-invariant subspace of V, and define

KN, =KNgNnY.

Consider the map
n:KNL/K —=Y)G,
obtained from the K-equivariant inclusion KN g — Y and the natural map Y/K —

Y/G.
The next theorem is proved in |[RS, Proposition 7.4, Theorems 7.6, 7.7 and 9.1].

Theorem 4.3. The map 7 : IC/\/E/K — Y))G is a homeomorphism. In particular, if
Y is a real algebraic subset of V, then Y /G is homeomorphic to a closed semi-algebraic
set in some RY. Moreover, there is a K-equivariant deformation retraction of Y onto

KA.
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4.1. Kempf-Ness set for character varieties. To apply the Kempf-Ness theorem to
our situation, we need to embed the G-invariant closed set Y = R,.(G) = Hom(F,., G) =
G" in a complex vector space V, as follows. According to Remark [2.2] we will assume,
from now on, the following commutative diagram of inclusions,

O(n) ¢ GL(n,R) ¢ GL(n,C) c gl(n,C)=C"
(4.1) U U U
K cC G C G,

where G C GL(n,R) is a closed subgroup. Note that the commuting square on the left
is guaranteed by one of the versions of the Peter-Weyl theorem (see, for example, [K]).

Remark 4.4. As we consider G embedded in some GL(n,C) as a closed subgroup, the
involutions 7, 0,0 and ©, mentioned in Subsection [3.1], become explicit. Indeed, under
the inclusions g C gl(n,R), g C gl(n,C) and G C GL(n,R) we have 7(A) = —A*,
where * denotes transpose conjugate, and o(A) = A. Hence, the Cartan involution is
given by 0(A) = —A?, so that ©(g) = (¢~ !)". From now on, we will use these particular
involutions.

From (4.1)) we obtain the embedding of K" (r € N) into the vector space given by
the product of the spaces of all n-square complex matrices, which we denote by V:

gl(n,C)" =~ C™ =: V.

The adjoint representation of GL(n,C) in gl(n, C) restricts to a representation

G — Aut(V)
given by
(4.2) g-(X1,...,X,) =(gX1g7",...,9X,g7 "), g€ G, X;€gln,C).
Moreover, yields a representation

g — End(V)

of the Lie algebra g of G in V given by the Lie brackets:
(4.3)  A-(Xy,...,X,)=(AX; - X{A,...  AX, - X, A) = ([A, X4],...,[A, X}])
for every A € g and X; € gl(n,C). In what follows, the context will be clear enough to

distinguish the notations (4.2)) and (4.3)).

We choose a inner product (,) in gl(n, C) which is K-invariant, under the restriction
of the representation GL(n,C) — Aut(gl(n,C)) to K. From this we obtain a inner
product on V, K-invariant by the corresponding diagonal action of K:

(4.4) (X1, X)), (Y, Y0) = ) (X0 Y)
i=1
for X;,Y; € gl(n,C). In gl(n,C), (, ) can be given explicitly by (A, B) = tr(A*B).
We can now prove one of the main results.
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Theorem 4.5. The spaces X,.(G) =R, (G)//G and X,(K) = Hom(F,, K)/K = K" /K
have the same homotopy type.

Proof. By the strong deformation retraction from Corollary we have that X,.(K)
and R, (G)/K have the same homotopy type. From Theorem |4.3 putting ¥ = G" =
R,(G) C V, we deduce that R,(G)/K and KN§/K have the same homotopy type.
Again by Theorem , we also have that JCA% /K is homeomorphic to X,(G). Now, as
homotopy equivalence is transitive, we conclude that X,.(K) and X,(G) have the same
homotopy type. O

Corollary 4.6. The homotopy type of the space X,(G) depends only on the maximal
compact subgroup K of G. In other words, given two real Lie groups Gy and Gy verifying
our assumptions, and which have isomorphic mazimal compact subgroups, then X,(G1)
and X,(G2) have the same homotopy type.

Proof. Since both G; and G5 have K as maximal compact, this follows immediately

from Theorem [4.5] O

4.2. Deformation retraction from X,(G) onto X, (K). Now, we want to show that
X, (K) is indeed a deformation retraction of X, (G).

For the G-invariant space Y = R, (G) = G", the Kempf-Ness set KA C V, includes
the K-invariant subspace Y = Hom(F,, K) = K", and can be characterized in concrete
terms as follows.

Proposition 4.7. For Y = R.(G) = G" C V, the Kempf-Ness set is the closed set
given by:

KNG = {(g1,--~ ,9r) €G": Zg;fgi:Zgigj}.
i=1 i=1

In particular, since K 1is precisely the fixed set of the Cartan involution, we have the
inclusion K™ = Hom(F,, K) C lCNg. The Kempf-Ness set is a real algebraic set, when
G is algebraic.

Proof. By Theorem (3), an element g = (g1, ,9,) € G" C GL(n,C)" is in the
Kempf-Ness set, if and only if

<Ag7g> = <<[Aagl]7 7[Aagr])7 (gla"' 7g7")> =0,
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for every A € p (see (3.2))), where we used formula (4.3)). Using (4.4)), this means that,
for all A € p, we have

T

0 = <([Aagl]7 ) [Aagr]) ) (917 te 7gr)> = Z <Agl - giAa gz) =
= Z ((Agi, 9i) — (9: 4, gi) = Z (tr(g; A*gi) — tr(A%g/g:)) =

= > (r(A%gig)) — tr(A*gig) = > (A gig} — g} 1)

=1 i=1

= <A,Z(gz-gf —9§9¢)>
=1

Here, we used bilinearity of (,) and the cyclic permutation property of the trace. In
fact, the last expression should vanish for all A € g = ¢® p (by K-invariance of the
norm, the vanishing for A € ¢ is automatic). So, since (,) is a nondegenerate pairing,
we conclude that X € KN, if and only if

> (997 = 9;9:) = 0, ¥(g1,---9,) € G"

i=1
as wanted. The last two sentences are immediate consequences. O]

Recall that a matrix A C GL(n,C) is called normal if A*A = AA*. So, when r = 1,
the previous proposition says that KNG = {g € G : g is normal} C R;(G).
The following characterization, then follows directly from Theorem [4.3]

Proposition 4.8. When r = 1, the character variety X,(G) = G//G is homeomorphic
to the orbit space of the set of normal matrices in G, under conjugation by K.

Now, to prove that X, (K) is a deformation retraction of X,(G) we need to further
assume, due to a technical point, that G is algebraic. First, we have the following
lemma.

Lemma 4.9. Assume that G and K are as before, and furthermore that G is a real
algebraic set. There is a natural inclusion of finite CW-complezes X,.(K) C X,.(G).

Proof. We need to show that the natural composition:
X, (K) = R(G)/K = X,.(G)

does not send two distinct K-orbits to a single G-orbit. This follows by Remark 4.7
in [FL3], and the polar decomposition discussed in Subsection However, we prove
it directly as follows. It is equivalent to showing that given pi, p2 € R, (K) such that
p2 = g+ p1 for some g € G, then p; and p, are in the same K-orbit. Using Y = R,.(G),
we have R,.(K) C KN, g by Proposition . On the other hand, Richardson-Slodowy
showed that G - py N KNY = K - p; (Theorem 4.3 in [RS]), which is enough to prove
that X,.(K) C X,.(G). We know that X, (K) is a semi-algebraic set and is closed. By
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Theorem since we have assumed G is algebraic, X, (G) is also a semi-algebraic set
and closed. Thus, X,(K) can be considered as a semi-algebraic subset of X,.(G). It is
known that all semi-algebraic sets are cellular. Now, from page 214 of [BCR] we get
that X,.(K) is a sub-complex of X,.(G). O

Theorem 4.10. There is a strong deformation retraction from X,(G) to X,(K).
Proof. Proposition [4.7| implies the following diagram is commutative:
K'JK < G'/K
oL |
KNG /K < G/K

Corollary [3.3] and Theorem [4.3] imply the maps ¢ and j induce isomorphisms on all
homotopy groups; that is,

in @ To(K"/K) — m,(G"/K) and j, : m(KN& JK) — 7,(G"/K)

are isomorphisms for all n > 0.

Thus, ¢ induces isomorphisms on all homotopy groups as well since ¢ = j o ¢. Then,
Lemma 4.9 and Whitehead’s theorem (see [Ha, Theorem 4.5]) imply K" /K is a strong
deformation retraction of KNG /K = G G. O

Remark 4.11. In [K|, Theorem 6.51, it is shown that any semisimple Lie group G,

—_——

even those not considered in this paper like SL(2,R), admits a Cartan involution. The
fized subspace of this involution defines a subgroup H, and G deformation retracts onto
H equivariantly with respect to conjugation by H. Now H 1is not always the maximal
compact; in fact it is, if and only if the center of G is finite. Nevertheless, we conclude
that G" /H is homotopic to H" /H.

Additionally, it is a general result, proven independently by Malcev and later by ITwa-
sawa ([I, Thm. 6]), that every connected Lie group G, deformation retracts onto a
mazimal compact subgroup H (we thank the referee for the reference). If this deforma-
tion is H-equivariant, we likewise conclude G"/H is homotopic to H" /H.

FEither way, it would be interesting try to compare G /G and G"/H without Kempf-
Ness Theory available in these more general situations.

5. POINCARE POLYNOMIALS

In this section, we describe the topology of some character varieties and compute
their Poincaré polynomials.

5.1. Low rank unitary groups.

Proposition 5.1. For any r,n € N, the following isomorphisms hold:
o X,(U(n)) = X,(SUM)) X (202 U(L)';
e X,.(O(n)) 2 X,(SO(n)) x (Z/2Z)", if n is odd.

Proof. The first item is proved in [FL2, Theorem 2.4]. The second item follows because,
for n odd, O(n) is isomorphic to SO(n) x Z/27Z. O
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In what follows, we consider cohomology with rational coefficients.
The Poincaré polynomial of X, (SU(2)) was calculated by T. Baird in [Bal, Theorem
7.2.4], using methods of equivariant cohomology. His result is that

H1+8) 3 ((1 +t)" (1 —t)”) '

1 —¢2 14 ¢2

(5.1) P(X,(SU@)) =1+t~ —— 7+ 5

From Proposition [5.1] and general results concerning finite quotients and rational
cohomology (see, for example [Bre]) we conclude that

(5:2) H*(%,(U(n))) = H*(X,(SU(n)) x U(1)") 2",

For n = 2, we now show the action on cohomology is trivial. The argument for this
theorem was suggested to us by T. Baird.

Theorem 5.2. The action of (Z/2Z)" on H*(X,.(SU(2))) is trivial.

Proof. Let I' be a finite subgroup of a connected Lie group G, and let G act on a space
X. If we restrict the action to I' acting on X, then the induced action of I' on H*(X) is
trivial. This is because for any element v € I', the corresponding automorphism of X
is homotopic to the identity map (take any path from the identity in G to v to obtain
the homotopy).

Therefore, since the action of (Z/27Z)" is the restriction of the action of the path-
connected group SU(2)" acting by multiplication, we conclude that the quotient map
induces an isomorphism

H*(SU2)") = H*(SU(2)" /(Z/2Z)").

Next, let X,Y be two G-spaces and let h : X — Y be a G-equivariant map
which induces an isomorphism in cohomology H*(X) = H*(Y'). Then h also induces
an isomorphism in equivariant cohomology HE(X) = HE(Y); recall that H:(X) =
H*(EG xg X). See [LM] for generalities on equivariant cohomology, and in particular
a proof of this fact (Theorem 83, page 52).

Since Z/2Z is central (the center of SU(2) is isomorphic to Z/2Z), the quotient map
with respect to the (Z/2Z)"-action on SU(2)" is SU(2)-equivariant (with respect to
conjugation). It follows then that

Hy0)(SU(2)") = Hgy o) (SU(2)"/(Z/2Z)") = HgU(z)(SU(z)r)(ZﬂZ)T,

where the second isomorphism holds for the same reason as . Therefore, the action
is trivial on Hgyo) (SU(2)").

Let G = SU(2), and let Y be the set of those tuples in G" that lie in a common
maximal torus. The same homotopy argument in the previous paragraph shows the
action is trivial on Hj(Y) since Y C G”. Moreover, considering the pair (G",Y) and
[Ha, Prop. 2.19], we likewise conclude that the (Z/2Z)"-action is trivial on H(G",Y).
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We now recall a natural diagram in [Bal; diagram (7.8):

Hg(G",Y) HE(GT) Ha(Y) —— -

| | |

e HY(GT)G,Y)G) —= H*(G"/G) —— H*(Y/G) — - -

We just showed that the (Z/2Z)"-action on all spaces in the top row is trivial. In
[Bal, equation (7.4) on page 59 shows that H(G",Y) = H*(G"/G,Y/G); establishing
the action is trivial on H*(G"/G,Y/G) since the map H*(G"/G,Y/G) — HL(G",Y)
is (Z/2Z)"-equivariant. The maps on the bottom row, H*(G"/G,Y/G) — H*(G"/G),
are equivariant and surjective in positive degrees (see the proof of Theorem 7.2.4 in
[Bal); which then implies the (Z/2Z)"-action is trivial on H*(G"/G) in positive degrees.
However, in degree 0 the (Z/27Z)"-action is also trivial since G"/G is connected. Thus,
the action is trivial on H*(G"/G), as required. O

Thus, H*(%,(U(2))) = H*(%,(SU(2))) ® H*(U(1)")#/?2)" However, the action of
(2/27)" on H*(U(1)") is the action of -1 on the circle, which is rotation by 180 degrees.
Rotation by 180 is homotopic to the identity, and thus the action is trivial on cohomol-
ogy (the first paragraph in the above proof shows that this part generalizes to SU(n)).
In other words, H*(U(1)")#/?2)" = H*(U(1)"), and we conclude that

(5.3) H*(X,(U(2))) = H*(X,(SU(2))) ® H*(U(1)").
Proposition 5.3. The Poincaré polynomial of X,.(U(2)) is the following:
p A HEEE Y 8 <(1 +* (1 —t2)7”)

F(X,(U(2) = (1+1)

1—t4 2 1—1¢2 1+t
Proof. This follows from the isomorphism (5.3)), from (|5.1) and the fact that the Poincaré
polynomial of a circle is 1 4. O

Now, take G = U(p, q), the group of automorphisms of CP*? preserving a nondegen-
erate hermitian form with signature (p, ¢). In matrix terms, one can write

U(p, Q) = {M € GL(p—|— QaC) | M*IpﬂM = p,q}

I 0
Ip7q = P .
0 -1

Its maximal compact is K = U(p) x U(g) and it embeds diagonally in U(p, q):

(M,N)<—><M 0).
0 N

It follows from this that, as a subspace of X,.(U(p, ¢)), X,(U(p) x U(q)) is homeomorphic
to 2,(U(p)) x %,(U(q)).
From Theorem [4.10f and from Proposition [5.3], we have the following:

where
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Proposition 5.4. For any p,q > 1 and any r > 1, there exists a strong deformation
retraction from X,.(U(p,q)) onto X,.(U(p)) x X,.(U(q)). In particular, the Poincaré
polynomials of X,.(U(2,1)) and X,(U(2,2)) are given respectively by:

B(X:(U(2,1)) = B(X.(U(2)))(1 +1)"
and

Exactly in the same way, since U(2) is a maximal compact subgroup of Sp(4, R) and
of GL(2,C), we have the following:

Proposition 5.5. For any r > 1, there exists a strong deformation retraction from
X,(Sp(4,R)) and from X,.(GL(2,C)) onto X,(U(2)). In particular, the Poincaré poly-
nomials of X,(Sp(4,R)) and X,(GL(2,C)) are such that:

F(X:(Sp(4,R))) = P(X,(GL(2,C))) = P(X,(U(2))).
5.2. Low rank orthogonal groups.
Proposition 5.6. X,(SU(2))/(Z/2Z)" = X,.(SO(3))

Proof. SU(2) — SO(3) is the universal cover of SO(3) with fiber Z/2Z = 7,(SO(3)).
The deck group is given by multiplication by minus the identity matrix. This induces
a (Z/2Z) -cover SU(2)" — SO(3)". The corresponding (Z/2Z)"-action is equivariant
with respect to the conjugation action of SO(3) since Z/27Z is acting by multiplication
by central elements in each factor. Therefore,
(SU(2)"/SO(3))/(Z/)2Z)" = X%,(SO(3)),

where SO(3) = PSU(2) acts diagonally by conjugation on SU(2)". However, since
PSU(2) = SU(2)/Z(SU(2)), it is clear that SU(2)"/SO(3) = X,.(SU(2)). O

From this result we conclude that the cohomology of X,(SO(3)) is the (Z/27Z)"-
invariant part of the cohomology of X, (SU(2)):
(5.4) H*(X,(SO(3))) = H*(%,(SU(2))) */*)".

Proposition 5.7. The Poincaré polynomials of X,(SO(3)) and of X,(0(3)) are the
following:

T

P(X,(50(3))) = R(X,(SU(2)))
and

Fi(%,(0(3))) = 2" P(X,(SU(2))).

Proof. The formula for P,(%X,(SO(3))) follows from Theorem[5.2] and isomorphism (5.4)).
The formula for P(X,(0(3))) is immediate from the one of P(X,(SO(3))) and from

Proposition O

Take G = SO(p, q), the group of volume preserving automorphisms of RP*? preserving
a nondegenerate symmetric bilinear form with signature (p,¢). In matrix terms, one
can write

SO(p,q) = {M € SL(p+ ¢,R) | M'I, ;M = 1,,}
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-1, 0
Ip,q = P .
0 Iq

If p+q >3, SO(p, q) has two connected components. Denote by SOq(p, ¢) the compo-
nent of the identity.

The maximal compact subgroup of SOg(p, q) is K = SO(p) x SO(q) and it embeds
diagonally in SO(p, q). So, as in the case of U(p,q) mentioned above, it follows that,
as a subspace of X,(SOq(p,q)), X,.(SO(p) x SO(q)) is homeomorphic to X,(SO(p)) x
X, (50(q)).

From Theorem and Proposition [5.7, we have thus the following:

where

Proposition 5.8. For any p,q > 1 and any r > 1, there exists a strong deformation
retraction from X,(SOg(p, q)) onto X,(SO(p)) x X,.(SO(q)). In particular, the Poincaré
polynomials of X,(S0(2,3)) and of X,(SO¢(3,3)) are given respectively by

Py(X:(S00(2,3))) = Ri(X,(SU(2))) (L + )"

and

P(X:(S00(3,3))) = P(X:(SU(2)))*.

In the same way, since SO(3) (resp. O(3)) is a maximal compact subgroup of both
SL(3,R) (resp. GL(3,R)) and SO(3,C) (resp. O(3,C)), we have the following:

Proposition 5.9. For any r > 1, there exists a strong deformation retraction from
X, (SL(3,R)) and %,(SO(3, C)) onto X,(SO(3)) and from %X,(GL(3,R)) and X,.(O(3,C))
onto X,.(0(3)). In particular, the Poincaré polynomials of X,(SL(3,R)) and %,(SO(3,C))

are equal and given by:
Fi(X%,(SL(3,R))) = Ri(X,(SO(3,C))) = P(X,(SU(2))).

Similarly, the Poincaré polynomials of X,(GL(3,R)) and X,.(O(3,C)) are equal and
given by:
F(X:(GL(3,R))) = B(X.(0(3,C))) = 2"F(X,(SU(2))).

6. COMPARING REAL AND COMPLEX CHARACTER VARIETIES

In this section, we slightly change the perspective. Instead of comparing the topolo-
gies of K- and G- character varieties, we present some results on the relation between
the topology and geometry of the character varieties X,.(G) and (the real points of)
X,(G), making explicit use of trace coordinates. These coordinates have been previ-
ously considered in the literature, and serve to embed X,.(G) in complex vector spaces.
Then, we provide a detailed analysis of some examples (real forms G of G = SL(2,C)),
showing how the geometry of these spaces compare, and how to understand the defor-
mation retraction of the previous section in these coordinates. We also briefly describe
the Kempf-Ness sets for some of these examples.

Consider a generating set of G-invariant polynomials in C[R,(G)]¢. Because these
polynomials distinguish orbits of the G-action, this defines an embedding, denoted ¢,
of the G-character variety X,(G) in a vector space V := C¥, given by sending an orbit
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to all the values it takes on this generating set. The embedding realizes X, (G) as a
complex affine subvariety in V', and the Euclidean topology mentioned above coincides
with the subspace topology induced from V' (see [FLl Section 2.3.3]). Since G C G and
R, (G) C R, (G) we can try to use the generating set of invariants to relate X, (G) with
the real points of X,(G),

% (G)(R) = X,(G) N V(R),

as follows. Since
CIR,(G)]® = R[R,(G(R))]*® @p C,

there exists a generating set for R[R,(G(R))]¢®) which equals R[9R,(G(R))]¢ by den-
sity of G, that extends (by scalars) to one for C[R,(G)]%. Thus, with respect to such
a generating set, the real points X,.(G)(R) are a well-defined real algebraic subset of
V(R).

Denote by fg : R,.(G) — V the composition of natural maps

R, (G) C R (G(R)) C R, (G) = X.(G) S V.

By G-invariance of fg, this defines a map pg : X,(G) — V whose image lies in V(R).
Now, Proposition 6.8 in [RS] states that the image ps(X,(G)), is a closed subset in
X, (G)(R) € V(R). Thus, we have shown the following proposition.

Proposition 6.1. Let G be a fixed real form of a complex reductive algebraic group
G. The set of real points X,.(G)(R) contains pe(X,(G)) as a closed subset. Therefore,
Ug re(%,(G)) C X.(G)(R), where the union is over all G which are real forms of G.

The map pg is neither surjective nor injective in general, and we will see below
explicit examples that illustrate this situation. Note, however, that for any real form G
of G, the map p¢ : X,.(G) = X,.(G)(R) is always finite, as shown in [RS], Lemma 8.2.

Remark 6.2. The image of pg in Proposition depends on the given embedding ¢.
For example, both the groups SO(2,C) = {z* + y* = 1} and GL(1,C) = {zy = 1} are
isomorphic to C* but the real points for the first is S' and the real points for the second
is R* (disconnected). So X,.(G) can have different sets of real points, depending on the
algebraic structure defined by ¢.

Another example is G = SU(3) and G = SL(3,C). With respect to the trace co-
ordinates, SL(3,C)/SL(3,C) can be identified with C?. Its real points are R? but the
traces of SU(3) are not real in general. So the image is not contained in the real locus
with respect to the trace coordinates. This means that, in each case, we should fix a
generating set having certain properties which avoids these issues.

We now describe some particularly simple examples, where one can check directly
and explicitly the strong deformation retraction from X, (G) = G" /G onto K"/ K, using
the trace coordinates for the complex character variety X,.(G), and also by describing
their Kempf-Ness sets.
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6.1. K =SO(2). Since the special orthogonal group SO(2) is Abelian, the conjugation
action is trivial. As SO(2) is isomorphic to the circle group, S, it follows that

(6.1) X,(SO(2)) = (S*).
The maximal compact subgroup of SO(2,C) = C* is SO(2), and it is clear that
X, (50(2,C)) = (C)

deformation retracts to (S')".
Of course, in general, for any Abelian group G, we have X,(G) = G", and the
deformation retraction to K" is given, componentwise, by the polar decomposition.

6.2. G = SL(2,R), » = 1. The group SO(2) is also a maximal compact subgroup of
SL(2,R). Hence, from (6.1) and Theorem [4.10} one concludes that X;(SL(2,R)) also
retracts onto S'. Let us also see this directly. X;(SL(2,R)) is the space of closed
orbits under the conjugation action. These closed orbits correspond to diagonalizable
matrices over C. When a matrix in SL(2,R) is diagonalizable over R, it corresponds
to a point in X;(SL(2,R)) determined by a matrix of the form diag(A, A™!) for some
A € R*. Since the diagonal matrices diag(\, A™!) and diag(A~!, \) are conjugated in
SL(2,R), we can suppose A > A~! (with equality exactly when |[A\| = 1) and thus the
elements of X;(SL(2,R)) corresponding to these kind of matrices are parametrized by
the space

(6.2) Dy = {diag(\, A" [A e R\ (-1,1)}.
Similarly the space of matrices in SL(2, R) diagonalizable over C\ R is parametrized by
D¢ = {diag(z,27")) |2 € C*, z+ 27" € R}.

Notice that we impose the condition of real trace, since the trace is conjugation invari-
ant. Now, for z € C \ R, the condition z + z~! € R is equivalent to |z| = 1, so these
matrices are in fact in SO(2,C), hence the corresponding ones in SL(2,R) belong to

SO(2), and have the form
Ay = cosf —sinf
sinf cos0

with 0 < € < 27. Now, the only possible SL(2, C)-conjugated matrices of this type are
Ap and A_y, and it is easily seen that they are not conjugate in SL(2,R). So, for each
0, we have a representative of a class in X;(SL(2,R)). Hence, from this and from (6.2)),
we have a homeomorphism

(6.3) X1(SL(2,R)) 2R\ (—=1,1) U {z € C\ R||2| = 1}.

From (6.1)) and (6.3) we see here directly an example of our main theorem (Theorem
4.10)).

Using Proposition 4.8, we can also obtain the same space considering the Kempf-Ness
quotient. For G = SL(2,R), one can compute directly that the set of normal matrices
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is a union of two closed sets, KN g = Y; UY,, with:

1/1:{<O‘ 7)eSL(z,]R): a,ﬁ,veR},
v B

Yo = {4, 0 R} =S0(2).

These correspond precisely to the SL(2,R) matrices that are R-diagonalizable or not,
and they are distinguished by the absolute value of their trace being greater or less
than 2, respectively (it is easy to show directly that the equation a8 = 1+~2 for o, 8,y
real implies |a + 3| > 2). Now, for an element KN g = Y; U Y5, besides the trace, we
have an extra invariant for the action of SO(2) (obviously Y5 is invariant under SO(2))

which is the Pfaffian, defined by (see [As])

PE(A)=c—b, ford=|% "),
c d

We have Pf(B) = 0 for any B € Y; and Pf(Ay) = 2sinf. So, the picture in Figure
is indeed a precise description of the embedding KN g/K — R? under the map
A %(tr(A), Pf(A)),

and

FIGURE 6.1. %,(SL(2,R)) ® R\ (~1,1)U{z € C\R||z| = 1}

Finally, we can compare the geometry of X;(SL(2,C)) = SL(2,C)/SL(2,C) and that
of X1(SL(2,R)), in trace coordinates. In these coordinates, X;(SL(2,C)) is C and thus
its real points form R. However, SL(2,R)/SL(2,R) is (—oo, —1] U [1,00) U S* where
St is a circle centered at 0 of radius 1. However, after projecting to the real locus, the
north and south hemispheres in S! are identified (since they are conjugated over C but
not over R). The image is then R and this is an example where the projection p¢g is
not injective.

On the other hand, considering SU(2), the quotient SU(2)/SU(2) is [—2,2] which
projects to the same (since the projection is injective for maximal compact subgroups).
So we see that the projection to the real locus is not always surjective.

6.3. K = SO(2), r = 2, G = SL(2,R). Addressing the SL(2,R) case with r = 2
amounts to describing two real unimodular matrices up to SL(2, R)-conjugation. Gener-
ically, such a pair will correspond to an irreducible representation. The non-generic case
is when Ay, Ay € SL(2,R) are in the same torus; in particular, in this degenerate case
they commute.
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Consider first the complex invariants in SL(2, C)*?. By Fricke-Vogt (see [Goldman]

for a nice exposition) we have an isomorphism
%,(SL(2,C)) = SL(2,C)*?JSL(2,C) = C?,

eXphCltly given by [(Al, AQ)] — (tI'(Al), tI‘(AQ), tI'(AlA2>) Let tl = tI'(Al), tg = tI'(Ag)
and t3 = tr(AlAQ). Then

Ii(tl, tQ, t3) = tr(AlAQAl_lA;l) = t% + tg + t% - t1t2t3 — 2.

Since commuting pairs (Aj, As) have trivial commutator, the reducible locus is con-
tained in k7!(2). The converse also holds (see [CS]).

Thus, the R-points of X5(SL(2, C)), here denoted by X3(SL(2,C))(R), form R?. The
reducible locus in X»(SL(2, C))(R) is therefore x~!(2) NR? (see Figure [6.2).

FIGURE 6.2. Reducible Locus in X5(SL(2,C))(R)

Suppose both A;, As have eigenvalues of unit norm and commute. So, up to conju-
gation in SL(2,C), they are of the form

Alz(cosoz —sinoz>’ A2:<cosﬂ —sinﬁ)’
sina cos sinf  cospf
and thus t; = 2cosa, to = 2cos 3, t3 = 2cos(a + (). Note that in unitary coordinates
these matrices take the form diag(e’®, e~*) and diag(e?, e~*). Putting these values in
K(t1,ta,t3) precisely determines the boundary of the solid closed 3-ball B~ X2(SU(2))
depicted in Figure 6.3 (see [FL, Lemma 6.3 (ii)]).

So the reducible locus is homeomorphic to S? and is given by those representations
that, up to conjugation in SL(2,C), are in SO(2) = SL(2,R) N SU(2); this fact was first

shown in [BC].
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FIGURE 6.3. X,(SU(2))

Therefore, the four disjoint planes in Figure [6.2 correspond to pairs

(( A0 ) ( JT ))
0 1/A "\ o 1/p
where \, p € R*.

As shown in [MS] (p.458, Prop.II1.1.1), every point in X5(SL(2,C))(R) = R? cor-
responds to either a SU(2)-representation or a SL(2,R)-representation (this is a case
where the union in Proposition gives equality). A point corresponds to a unitary
representation if and only if —2 < ¢,%y,t3 < 2 and k(ty, 9, t3) < 2; as in Figure
Otherwise, the representation is in SL(2, R).

Figure gives a picture of X5(SL(2,C))(R), restricted to k(z,y, z) < 5; from this,
the deformation retraction to the boundary of the solid ball X5(SU(2)) can be seen.

Having described the R-points of X2(SL(2,C)), we now can describe X5(SL(2,R)).
Since we are considering the closed SL(2,R)-orbits, we have three sets to consider.
First, there are the representations that are irreducible over SL(2,C); these are called
absolutely irreducible, or C-irreducible. Secondly, we have the representations that are
irreducible over R but are reducible over C; called C-reducible or R-irreducible. Third,
we have the representations that are reducible over R; called R-reducible.

Notice that conjugating by diag(i, —i) defines a Z/2Z-action on X5(SL(2,RR)). Since
the characteristic polynomial is quadratic, any conjugation action from SL(2,C) on
X5(SL(2,R)) has to be equivalent to the action of diag(i, —i). It is a free action
on the irreducible locus (consisting of R and C-irreducibles), and has its fixed lo-
cus exactly the R-reducible representations. The quotient of this action is exactly
Xo(SL(2,C))(R) — X5(SU(2))° = R — B? since diag(i, —i) preserves SL(2, C)-orbits.
Hence, the R-reducible locus in Xo(SL(2,R)) is exactly the four planes depicted in Fig-
ure and the irreducible locus in Xo(SL(2,R)) is a Z/2Z-cover of the complement of
those four planes in R® — B3.

On the other hand, X2(SO(2)) is a torus S* x S', and the sphere S? arises as the
quotient of ST x St by the Z/2Z-action described above (see [B(]).
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FIGURE 6.4. Region k < 5 in X5(SL(2,C))(R)

Lastly, the Z/27Z-action is equivariant with respect to the deformation retraction from
X2(SL(2,R)) to X2(SO(2)) since it is conjugation, which explains why we see the defor-
mation retraction of R® — B3 = X5(SL(2,C))(R) — X2(SU(2))° = X»(SL(2,R))/(Z/27Z)
onto 5% = 0%,(SU(2)) = X,(S0(2))/(Z/27Z).

Remark 6.3. By [Choi], X2(SO(3)) is a (Z/27)? quotient of X5(SU(2)), and both relate

to the moduli space of generalized spherical triangles. This makes X2(SO(3)) an orbifold
quotient of a solid 3 — ball (this also follows from [FL2]).

Now, let us consider the Kempf-Ness set for this case. From Proposition [4.7]
ICNY — {(Al,AQ) S G2 : AIAI — AlAT + A;A2 — A2A; — 0}

Let us write the 2 matrices in convenient variables as

A= @ bi \ _ [ titsi ¢—ps =12
¢ d; G +pi ti—si

So, the new variables are: t; = %di, S; = ‘“%di, q = % and p;, = %, 1= 1,2
In particular, note that the traces and Pfaffians are tr(A4;) = 2¢; and Pf(4;) = 2p;,
respectively. We can describe inside R® with coordinates (aj,--- ,ds) as the closed
algebraic set:
KN = {(m,--- a)ers: Wb —ha =ed b =1, }
21 G — b =2 (ai — di)(ci —bi) = 0

or equivalently,

2 2 2 2 42 22 2
’CNY:{(tbplu517Q1>t27p27527QZ)ERS: R A 17},
@1p1 + @2p2 = $1p1 + s2p2 =0
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Now, KN g is invariant under K = SO(2), although it is not immediately apparent.
From [As] we know that, for the SO(2) simultaneous conjugation action on two 2 x 2
real matrices, there are 8 invariants: the five traces tr Ay, tr Ay, tr Aj Ay, tr A3, tr A3,
and the three Pfaffians Pf A;, Pf A, and Pf A; A;. Obviously, the traces of A and A2
are not important here since for unimodular matrices A, tr A%> = (tr A)*> — 2. So the 6
remaining invariants give rise to an embedding

Vv KNL/K — RS
(A1, A2)] —  (t1,t2,t3,01,02,P3)
with ¢; := %trA,-, Di = %PfAZ-, fort=1,2, and
1

3 := 5 tr(A1As) = tita — pip2 + S152 + 12

1
ps =5 Pf(A1Az) = pita + tip2 + 152 — 5142
For i = 1,2, let A; =1 —t? — p?. Then the closure of the image is defined by the four
equations:

pi(tapr +tipa —p3) = 0
pa(tapr +tips —p3) = 0
PIAL —p3Ay = 0
p%(Al(pf - t%) - A2(p§ - t%)) = p3Qi(tip2 — tap1),

as can be obtained using a computer algebra system. So KN/ g /K is a semialgebraic
set whose closure, in these natural coordinates, is an algebraic set of degree 6 in R,
and it can be checked that it has indeed dimension 3, as expected.

6.4. K =850(2), r >3, G =SL(2,R). In this subsection we say a few words about the
r = 3 case. The complex moduli space X3(SL(2,C)) is a branched double cover of C°
(it is a hyper-surface in C7). Given a triple (A;, Ay, A3) € Hom(F3,SL(2,C)), the seven
parameters determining its orbit closure are t; = tr(A4;), ty = tr(A4;A4;),t; = tr(A; A2 A;3),
1<i#j<3and 4 <k <6. See [Goldman| for details. From [FL] and [BC] it follows
that X3(SL(2,C)) is homotopic to a 6-sphere X3(SU(2)) = S°.

Remark 6.4. Fizing the values of the four parameters tr(A;), tr(A;AsAs) defines rel-
ative character varieties since these are the four boundary coordinates for a 4-holed
sphere; likewise, in the r = 2 case fixing the boundary of a I1-holed torus is equivalent
to firing the value of k. The topology of the R-points of relative character varieties for
r =2 and r = 3 have been explored in [BGl; and some of their pictures relate to ours
given that k arises naturally in both contexts.

The defining equation for X35(SL(2,C)) is given by
R = 3 —totyt) —tststi+totstrt) —tatrtiHaHt5 -+t o +tat+ta—totsto+tatsto—tststr—totst;—4.

In [FL2], it is shown that the reducible locus is exactly the singular locus, and thus the
Jacobian ideal J, generated by the seven partial derivatives of R, defines the reducible
locus explicitly as a sub-variety. Thus: J = (OR/0t; | 1 <@ < 7) = (2t; — toty — t3ts +
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totsty — tetr, 2to — L1ty — t3te + t1t3ly — tsty, 2t3 — t1ts5 — tale + tataty — taty, —l1ta + 264 +
tste —taty, —tits+ 2ts +tats — toty, —lots +tyls + 2tg — t1ty, titats — tats — tots — t1ts + 2t7).

Using a Groebner basis algorithm, J is equivalent to the ideal (t] — totststs — 2t3t3 +
121243 — 24202 424242 124242 — QU243 —totstit —totdtely — tatstety + Stotstets +15+1a+1a —
2312 — 222 + 126212 — 2¢2t2). Thus, the reducible locus is isomorphic to a hypersurface
in C*. If all coordinates are restricted to [—2,2], we are in X3(SU(2)) since the r = 1
case implies that t1, ¢y, 3 are in [—2,2] if and only if A;, A, A3 are SL(2, C)-conjugate
to elements in SU(2), and that forces all the other coordinates to take values in [—2, 2]
as well.

FIGURE 6.5. A level set in the hypersurface Xz3(SU(2))

As described in [FL4], the reducible locus in X3(SU(2)) is homeomorphic to
X2z:(SU(2)) := Hom(Z3,SU(2))/SU(2) = (S')3/(Z/27Z), and thus it is a 3-dimensional
orbifold with 8 isolated singularities. Neighborhoods around singularities will look like
real cones over RP?; and thus are not locally Euclidean at those points (see p. 475 in
[ACG]).

Similar to the r = 2 case, the orbifold X7:(SU(2)) is the quotient of X3(SO(2)) =
(S1)3 by the Z/2Z-action defined from conjugation by diag(i, —i). And as before, this
action is equivariant with respect to the deformation retraction of X3(SL(2,R)) onto
X3(SO(2)), and it is a double cover over the absolutely irreducible representations and
fixes the R-reducible representations.

In fact, this situation is completely general. X, (SL(2,R)) decomposes into three sets:
(1) the absolutely irreducible locus which double covers the irreducible locus in the
X, (SL(2,C))(R); (2) the R-irreducible locus isomorphic to (S*)" = X,.(SO(2)) branch
double covers the orbifold Xz-(SU(2)) = (S')"/(Z/27Z) having 2" discrete fixed points
from the central representation, making orbifold singularities with neighborhoods iso-
morphic to real cones over RP"~!; and (3) the R-reducible locus which is isomorphic to
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that same locus in X, (SL(2,C))(R) intersecting Xz-(SU(2)) at the central representa-
tions and homeomorphic to ((—oo, —1] U [1,00))". And the deformation retraction we
establish in this paper from X, (SL(2,R)) to X,.(SO(2)) is equivariant with respect to
the Z/2Z-action of diag(i, —i) and therefore determines a deformation retraction on the
level of R-points from X, (SL(2,C))(R) — X,(SU(2))? onto Xz-(SU(2)). For an explicit
characterization of the C-reducible locus, in terms of traces of minimal words, see [Elo].

ACKNOWLEDGMENTS

We thank Tom Baird for many conversations about equivariant cohomology and
Theorem 5.2 We also thank the referee for a careful reading, and for many suggestions
leading to relevant improvements in exposition.

REFERENCES

[ACG] A. Adem, F. Cohen, J. Gémez, Stable splittings, spaces of representations and almost commaut-
ing elements in Lie groups Math. Proc. Cambridge Philos. Soc. 149 (2010), no. 3, 455—490.

[As] H. Aslaksen, SO(2) invariants of a set of 2 x 2 matrices, Mathematica Scandinavica 65 (1989),
59-66.

[Ba] T. Baird, The moduli space of flat G-bundles over a nonorientable surface, Doctoral Thesis,
University of Toronto (2008).

[Be] M. Bergeron, The topology of nilpotent representations in reductive groups and their mazimal
compact subgroups, arXiv/math:1310.5109.

[BC] S. Bratholdt, D. Cooper, On the topology of the character variety of a free group, Rend. Istit. Mat.
Univ. Trieste 32(suppl. 1), 45-53 (2001) [Dedicated to the memory of Marco Reni. MR MR 1889465
(2003d:14072) (2001)].

[BCR] Jacek Bochnak, Michel Coste, and Marie-Francoise Roy. Real algebraic geometry, volume 36
of Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results in Mathematics and Related
Areas (3)]. Springer-Verlag, Berlin, 1998. Translated from the 1987 French original, Revised by the
authors.

[BF] I. Biswas and C. Florentino, The topology of moduli spaces of group representations: The case of
compact surface, Bull. Sci. math. 135 (2011) 395-399.

[BG] Benedetto, Robert L.(1-RCT); Goldman, William M.(1-MD) The topology of the relative char-
acter varieties of a quadruply-punctured sphere. Experiment. Math. 8 (1999), no. 1, 854103.

[Bre] Glen E. Bredon. Introduction to compact transformation groups. Academic Press, New York,
1972. Pure and Applied Mathematics, Vol. 46.

[CCGLS] D. Cooper, M. Culler, H. Gillet, D. D. Long, P. B. Shalen, Plane curves associated to
character varieties of 3-manifolds, Inv. Math. 118 (1994), 47-84.

[CS] M. Culler, P. B. Shalen, Varieties of group representations and splittings of 3-manifolds, Ann.
Math. 117 (1983),109-146.

[Choi] S. Choi, Spherical triangles and the two components of the SO(3)-character space of the funda-
mental group of a closed surface of genus 2, Internat. J. Math. 22 (2011), no. 9, 1261-1364.

[Flo] C. Florentino, Invariants of 2 by 2 matrices, irreducible SL(2,C) characters and the Magnus
trace map, Geometriae Dedicata 121 (2006) 167-186.

[FL] C. Florentino and S. Lawton, The topology of moduli spaces of free group representations, Math.
Annalen 345 (2009) 453-489.

[FL2] C. Florentino and S. Lawton, Singularities of free group character varieties, Pac. J. Math. 260
(2012), No.1, 149-179.

[FL3] C. Florentino and S. Lawton, Character Varieties and the Moduli of Quiver Representations, In
the Tradition of Ahlfors-Bers VI, Contemporary Mathematics, 590, AMS, (2013)



TOPOLOGY OF MODULI OF FREE GROUP REPRESENTATIONS 25

[FL4] C. Florentino and S. Lawton, Topology of character varieties of Abelian groups, arXiv:1301.
7616

[Goldman] W. Goldman, Trace coordinates on Fricke spaces of some simple hyperbolic surfaces, Hand-
book of Teichmiiller theory. Vol. IT, 6117684, IRMA Lect. Math. Theor. Phys., 13, Eur. Math. Soc.,
Ziirich, 2009.

[Ha] A. Hatcher, Algebraic topology, Cambridge University Press, Cambridge, 2002.

[He] S. Helgason, Differential geometry, Lie groups, and symmetric spaces, Corrected reprint of the
1978 original. Graduate Studies in Mathematics, 34, American Mathematical Society, 2001.

[Hi] N.J. Hitchin, The self-duality equations on a Riemann surface, Proc. Lond. Math. Soc. 55 (1987)
59-126.

[[] K. Iwasawa, On some types of topological groups, Ann. of Math. (2) 50, (1949) 507-558.

[K] A. W. Knapp, Lie Groups Beyond an Introduction, Progress in Mathematics 140, Birkh&user-
Verlag, 2nd ed., 2002.

[LM] Libine, Matvei, Lecture Notes on FEquivariant Cohomology, http://arxiv.org/pdf/0709.
3615v3.pdf| (2010)

[MS] Morgan, John W., Shalen, Peter B., Valuations, trees, and degenerations of hyperbolic structures.
I, Ann. of Math. (2) 120, (1984), no. 3, 401-476.

[RS] R. W. Richardson, P. J. Slodowy, Minimum vectors for real reductive algebraic groups, J. London
Math. Soc. (2) 42 (1990), no. 3, 409-429.

[Si] C. T. Simpson, Higgs bundles and local systems, Inst. Hautes Etudes Sci. Publ. Math. 75 (1992)
5-95.

[Sp] T. A. Springer, Linear Algebraic Groups, Birkhauser-Verlag, 2009.

DEPARTAMENTO MATEMATICA, FACULDADE DE CIENCIAS E TECNOLOGIA, UNIVERSIDADE NOVA
DE LISBOA
E-mail address: amc@fct.unl.pt

DEPARTAMENTO MATEMATICA, INSTITUTO SUPERIOR TECNICO, Av. Rovisco Pais, 1049-001
L1sBON, PORTUGAL
E-mail address: cfloren@math.ist.utl.pt

DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF TEXAS-PAN AMERICAN, 1201 WEST
UNIVERSITY DRIVE EDINBURG, TX 78539, USA
E-mail address: lawtonsd@utpa.edu

DEPARTAMENTO DE MATEMATICA, UNIVERSIDADE DE TRAS-0S-MONTES E ALTO DOURO, UTAD,
QUINTA DOS PrRADOS, 5001-801 ViLA REAL, PORTUGAL
E-mail address: agoliv@utad.pt


arXiv:1301.7616
arXiv:1301.7616
http://arxiv.org/pdf/0709.3615v3.pdf
http://arxiv.org/pdf/0709.3615v3.pdf

	1. Introduction
	2. Real character varieties
	2.1. Setting
	2.2. Character varieties

	3. Cartan decomposition and deformation to the maximal compact
	3.1. Cartan decomposition
	3.2. A deformation retraction from G onto K

	4. The Kempf-Ness set and the deformation retraction
	4.1. Kempf-Ness set for character varieties
	4.2. Deformation retraction from Xr(G) onto Xr(K)

	5. Poincaré Polynomials
	5.1. Low rank unitary groups
	5.2. Low rank orthogonal groups

	6. Comparing Real and Complex character varieties
	6.1. K=SO(2)
	6.2. G=SL(2,R), r=1
	6.3. K=SO(2), r=2, G=SL(2,R)
	6.4. K=SO(2), r3, G=SL(2,R)

	Acknowledgments
	References

